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Dr. Marcel P. Schutzenberger
Institut Blaise Pascal

23 Rue de Maroc

Paris 19, France

Dear Marco:

Here are some detailed comments on your "Remark.” (I have mixed
trivial comments with nontrivial ones, but all are intended to improve the
quality of the paper.)

1. Page 0, lines -4 and -3. What is an "ots governemental or private
research sponsor'?

2. Page 1, line 5. This is maybe a nice joke, but the meaning of
these symbols is "standard" only to a very small group of people. The
notation N is especially ambiguous, as to whether it includes O or not,
T didn't find any of these symbols in the papers of the automata theorists
who ought to read this article. The first sentence should therefore be
changed to something like "In what follows, Z denotes as usual the set of
all integers, N denotes theg non-negative integers, and Qidenotes the
rational numbers; we let X ...". Actually you never use the symbol ‘@
again, although I presume you meant to say w is a polynomial over qioh page 5.

3. For the ACM Journal, change references to [1], [2], etc.

4. Why bother to say |af| > 1 for all f € XX* when this follows trivially
1f i1t is true for all f € X2

5. Tt is important to add a little mere motivation, so the readers will
see more easily how your results generalize the Minsky-Papert and other
theorems. Therefore I suggest adding the following comments just after the
second paragraph:

"For example, if X = {0,1}, @0 = al = 2, and pO = O,p1 = 1, then pf
is the number whose binary representation is f."
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6. Page 2. It seems inappropriate to mention Mike Harrison here
since the theorem you quote is in my opinion the most well-known theorem
about context-free languages. It certainly is not obscure. Perhaps
you mean Mike suggested that the theorem might apply to this problem.

7. Page 2. 1In the statement of this theorem you must say h’ # e
or else it is trivially true.

8. Page 3, it is more consistent to write "ph'. (14&h')-1. ag" on
line 1, and k € N on line 9.

9. Page 4. I am displaying my ignorance: is the Hadamard product
of two rational functions always a rational function? 1I'd like you to
direct me to a proof of this, which I haven't seen yet. I always used
roots of unity, which leaves the rational field. Anyway I see it is a
rational function since it just amounts to a different choice of

" ”" /] !
g,h,g,h,g,andho.

10. Page 4. I don't see how you apply which theorem of Polya.

d
The function zm< ! + 22 53 + qz3d> satisfies all the hypotheses

1-qz2d 1-q7z

you state for 5', but not the conclusion.

As I understand Polya's result, all rational functions whose power
series involve only finitely many primes can be obtained by the formula

2 .1
=+ p(z)

u u
1m + 2 = + eee +
1-v1z 1~vez 1-vmz

where p(z) is a polynomial in z and the u's and v's are rational.

In our application we know 2™ 5'(zl/d) has the form

’ 1 !
bo+ Bk 0o
1-2 1-c1z 1-c22

form above with p(z) = 0. So we can find another subsequence for which

Since this vanishes for z = «~, it must have the

o” has the form you stated (namely every md-th term).

I recommend your using this form of proof since (a) it explains what
you are doing and (b) uses only very elementary facts about power series
besides Polya's theorem.



11. Page 5. There are at least two serious errors in your second
example. In the first place you can't zero out the coefficient of

x93 in w(t) simply by replacing t by t - h when h is an integer. This

affects the coefficient by an integer multiple of d. Hence you can't
obviously assume = has such small degree. In the second place the
"lim sup" estimate on the top of page 6 is wrong at least in the
following case:
d=1, 1=0=0b,, (n =c’a” + c’. Then ¢(n+d) -~ agn = c"(1-a) £ O.

In fact the second example is wrong if we take w(t) = t, X = {0,1},
a0 =Ql = =2, pO0 = 0, p1 = 1, This is the fairly well known negative

binary number system which is capable of representing all integers without
signse.

12. Furthermore you must explain how to get the asymptotic estimate
n= c'an/d +c¢” +a(1). I can't see how to get the second term to be

¢” here.

13. In fact the whole discussion on page 6 needs a great deal of
amplification. It is unclear how you obtain almost all the assertions on
this page. There is no harm in showing more of the calculation, since
some fairly delicate maneuvering is evidently being used.

14. On page 7, give a reference to Kleene's generalization of Jungen's
theorem.

In summary, I believe you should (a) correct the errors, (b) supply
more details for the proof of the second example (under suitably weakened
hypotheses) so that I can convince myself there are no more errors in it,
and (c) add a little bit more expository material as suggested above,
before ACM publishes this "Remark."

The first duty of the ACM Journal is to its readers, and we want to
teach them something, not merely record for posterity a set of assertions
for which the method of calculation is mysteriously left unrevealed by the

author. Your paper needs a few more concessions to the intended audience;
everyone who reads it will appreciate it much more if it is clear what
you are doing.

I'm looking forward to visiting you in May. What is Nivat's address?

Sincerely,

Donald E. Knuth
Programming Languages editor
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STANFORD UNIVERSITY
STANFORD, CALIFORNIA 94305

COMPUTER SCIENCE DEPARTMENT Telephone:
y 415-321-2300

February 5, 1975

A

Prof. Marco P. Schiitzenberger *
97 Rue du Ranelagh
Paris 16, France

Dear Marco:

Thanks for your recent letter, but it was missing an important
piece of data that I need!

To the best of my recollection, you once proved the following

+
result (probably in more generality?): "Partition all words of X

into p disjoint subsets XlU UXp . Then all words of length n®

or more have the form tul »e BV, where each uy belongs to the same

Xj for some J ." Your proof was very nice; this is the way I recall

it: "Let x, ... X be an arbitrary word of length m > n® . For
= (r(k), o .,rék)) be the vector defined by the

Gk <m 16t C 1

k

te ek max {r | X, ...x_ends with r elements of Xj} - Then

k

> s iy B
Cy # ¢,y for k <k' since x ....x, is in some Xj and

¢
rgk ) > r(k) . Consequently the distinct vectors c¢

3 3 O""’Cm must

include some Cy with a component rék) >3 "
What I want to know is: Where did you publish this? I just

spent two fruitless hours with Math. Reviews and couldn't find the

reference.

Best regards,

- L 4
Donald E. Knuth
Professor

DEK/pw
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A. THEOREME DE RAMSEY

— e s e g gy e g g e ey e

I, Le théoréme suivant a rendu célébre le nom du mathématicien anglais

F.P. RAMSEY qui le démontra en 1928 & la Société mathématique de Londres :

Soient E un ensemble, P m(E) l'ensemble des parties de E ayant

m éléments, et 6; une partition de E_F(E) en k classes : il existe,

quelque soit n , un entier R(n,m,k) tel que Card (E) > R(n,m,k) -

entratne l'existence d*un sous-ensemble &3 n éléments F de E tel que

g_m(F) goit contenu tout entier dans une classe modulo f%f.

‘(Exposé, démonstration et bibliographie dans RYSER [8] chap. 4-; sur les

rapports avec la théorie des graphes voir ORE [7] chap.v13. gec, 5 ; on

trouvera une discussion approfondie dans la thése de C, FRASNAY [2]).

Pour m = 1, ona R(n,1,k) = 1 + k(n-1) en vertu du principe des

tiroirs selon lequel:" si 1 + k(n-1) éléments sont répartis entre

¥ tiroirs, alors l'un des tiroirs renferme au moins n éléments ”[2] ‘
Pour m) 1 la fonction R(n,m,k) n'est pas connue,
Pour m = 2 , nous en déduisons le résultat suivant :

THEOREME : Soient X un ensemble non vide, X* 1le monoIde libre engendré

par X, et une partition de l'ensemble xx des mots de longueur positive




2 . 2 = - . : . ;
de X en k clacces A Ao o0, Ak ¢ +Pour. tout-entier n o 11 ex)ata

. e :
un entier r}(n) ted que, pour,fteut mot w-£ X de lcongueur .supérieureas

4 r (n) il existe une classe A. telle que w admette n facteurs

a~~ -

: ; : 5 ¥ N oW
non vides consécutifs dans Ai’ 8 & weEX éi X .

On a certainement rk(n) SRS D 1) . Soit. S E g {1, i ...l(w) } : A
chaque sous-ensemble & deux éléments {a,b} de= € “La ¥ b) nous associons

bijectivement le facteur w de w commengant au rang a et se terminant E

a,b

au rang b : la partition induite sur l'ensemble des facteurs de w par
¥ iz ,alak co8

Celle dey XX permet de defipiE upe partition.des P 2(E) en . ausplus k

classes, dont l'une au moins contient tous les sous-ensembles & deux

éléments de F C E,F = {po, P o) pn} avec p. < Pi 1 On a donc

W ia W € A? pour une certaine classe A

w .
Po Pi{Pl! P2 P S Pn

io
n

II. Nous allons maintenant préciser ce résultat en montrant directement

que rk(n) S

a) Cas ot k:= 2, A = A, Ag = B

Exemple :

On montre que r(2) = 4, en raisonnant par 1'absurde ; supposons
qu'il existe un mot w de longueur supérieure ou égale i 4 et qui ne soit
ni daks R A X" al dans X B0 X" il est clair que, si w a une lor-
gueur strictement supérieure a 4,’tous ses facteurs de longueur 4 possédent

la méme propriété ; on peut donc supposer que w est de longueur 4, soit
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